Introduction
It is known that Bernoulli numbers B n , defined by n B n /n! can be expressed in terms of 1/(k + 1)! ( k = 1, 2, . . . , n ) in the determinant and vice versa. In addition, it is known that some hypergeometric numbers also have the corresponding inversion numbers (see, e.g., [12] ). Recently it was proved that the complementary Euler numbers ( [8] ) and Lehmer's generalized Euler numbers ( [10, 14] ) also have the corresponding inversion numbers.
n be harmonic numbers. In this paper, we introduce the determinantal harmonic numbers h n , so that the harmonic numbers H n appear in determinant expressions. Namely, we have the corresponding inversion relation:
We give several of their arithmetical and/or combinatorial properties and applications. These concepts can be generalized in the case of hyperharmonic numbers H
Definitions and preliminary properties
For nonnegative integers n , define determinantal harmonic numbers h n by
We have the list of the numbers h n . Definition (2) may be obvious or artificial for readers with different backgrounds. However, there are motivations from combinatorics and in particular graph theory. In 1989, Cameron [3] considered the operator A defined on the set of sequences of nonnegative integers as follows: for x = {x n } n≥1 and z = {z n } n≥1 , set Ax = z , where
The operator A also plays an important role for free associative (noncommutative) algebras. More motivations and background together with many concrete examples (in particular, for aspects of graph theory) for this operator can be seen in [3] .
There is a recurrence relation for determinantal harmonic numbers.
Lemma 1 For any integer
Proof [Proof of Lemma 1] Notice that the generating function of harmonic numbers H n is given by
By definition (2),
Comparing the coefficients on both sides, we have h 0 = 1 and for n ≥ 1
The determinantal harmonic numbers are expressed in terms of harmonic numbers in the determinant.
Theorem 1
For any integer n ≥ 1 ,
Proof [Proof of Theorem 1] For n = 1 , h 1 = 1 = H 1 . Assume that the result is valid up to n − 1. By Lemma 1, expanding at the first row of the determinant, we have
The determinantal harmonic numbers have an explicit expression.
Theorem 2 For any integer n ≥ 1 ,
Proof [Proof of Theorem 2] When n = 1 , it is easy to see that h 1 = H 1 . Assume that the result is valid up to n − 1 . Then by Lemma 1, we have 
Applications by Trudi's formula
Such forms of determinants are very useful, though there are many expressions for Bernoulli, Euler, and other numbers in determinants. We shall use Trudi's formula to obtain different explicit expressions and inversion relations for the numbers h n . In addition, there exists the following inversion formula (see, e.g., [11] ), which is based upon the following relation:
Lemma 2 For a positive integer n , we have
a 1 a 0 0 · · · a 2 a 1 . . . . . . . . . . . . . . . . . . 0 a n−1 · · · a 1 a 0 a n a n−1 · · · a 2 a 1 = ∑ t1+2t2+···+ntn=n ( t 1 + · · · + t n t 1 , . . . , t n ) (−a 0 ) n−t1−···−tn a t1 1 a t2 2 · · · a tn n ,n ∑ k=0 (−1) n−k α k D(n − k) = 0 (n ≥ 1) .
Lemma 3
If {α n } n≥0 is a sequence defined by α 0 = 1 and
By Trudi's formula, it is possible to give the combinatorial expression
By applying these lemmas to Theorem 1, we obtain an explicit expression for shifted harmonic numbers.
Theorem 3 For n ≥ 1, we have
By applying the inversion relation in Lemma 3 to Theorem 1, we have the following.
Theorem 4
For n ≥ 1, we have
Therefore, we also have the inversion relations in Theorem 2 and Theorem 3.
Theorem 5
Convolution identities
There are many identities involving harmonic numbers (see, e.g., [4, 20] and references therein). In particular, the sums of products of two harmonic numbers (cf. [20, p. 861] ) are given as follows:
where
are the generalized harmonic numbers with H n = H
n . The sums of products have been extensively studied for many numbers, including Bernoulli, Euler, Stirling, and Cauchy and their generalized numbers, by many authors. The famous Euler's formula can be written as
where B n are the Bernoulli numbers, defined by
and this formula has been generalized in various ways (see, e.g., [1] ).
The structure of the determinantal harmonic numbers is not as simple as that of harmonic numbers. Nevertheless, we can find the sums of products of two determinantal harmonic numbers.
Theorem 6 For
Hence,
On the other hand,
Comparing the coefficients, we get the result. 2
Hyperharmonic numbers
The n th hyperharmonic number of order r , denoted by H (r) n , is recursively defined by the following relations:
The generating function of hyperharmonic numbers is given by
In [15] , the exponential generating function of hyperharmonic numbers is given. In [16] , it is shown that the sum of the series formed by hyperharmonic numbers can be expressed in terms of the Riemann zeta function.
are the original Harmonic numbers.
For nonnegative integers n , define determinantal hyperharmonic numbers h (r)
n by
We have the list of the numbers h from [19, A006252] and also studied in [18, p. 9] . It can be expressed as
denotes the (unsigned) Stirling numbers of the first kind. Notice that Fubini numbers (or ordered Bell numbers) F n are given by , we can see some relations for small n .
Since
we have
We also have
Theorem 10 For n ≥ 1 , we have
H (r) n = n ∑ k=1 (−1) n−k ∑ i 1 +···+i k =n i 1 ,...,i k ≥1 h (r) i1 · · · h (r) i k = ∑ t1+2t2+···+ntn=n ( t 1 + · · · + t n t 1 , . . . , t n ) (−1) n−t1−···−tn ( h (r) 1 ) t1 · · · ( h (r) n ) tn .
Shifted determinantal hyperharmonic numbers
For m, n, r ≥ 0 , define the shifted determinantal hyperharmonic numbers h
is the partial summation of ln(1 + z) . F m (z) has an important role to introduce incomplete Cauchy numbers [9] . When r = 1 , h n,m = h (1) n,m are the shifted determinantal harmonic numbers. When m = 1 , h
n,1 are the determinantal harmonic numbers. When m = r = 1 , h n = h (1) n,1 are the original determinantal harmonic numbers.
Then the fundamental determinantal results are obtained by the recurrence relation.
Lemma 5 For m, r ≥ 0 , we have
and h
We have two kinds of explicit expressions of shifted determinantal hyperharmonic numbers in terms of hyperharmonic numbers. The shifted determinantal hyperharmonic numbers can be expressed explicitly together with Trudi's formula. There are several ways to prove them, one of which is similar to the proof in 2. Another proof using the Hasse-Teichmüller derivative can be seen in [12] . Once shifted determinantal hyperharmonic numbers can be expressed in terms of hyperharmonic numbers, hyperharmonic numbers can be expressed in terms of shifted determinantal hyperharmonic numbers because they have the inversion relations with each other.
Theorem 12
For m, n ≥ 1 and r ≥ 0 ,
) tn .
Examples
Set m = 5 and r = 1 . Then Since {(t 1 , t 2 )|t 1 + 2t 2 = 2, t 1 , t 2 ≥ 0} = (2, 0), (0, 1), we get Set m = 5 , n = 3 , and r = 1 . Since (i 1 ) = (3) , (i 1 , i 2 ) = (1, 2), (2, 1), and (i 1 , i 2 , i 3 ) = (1, 1, 1 
